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Abstract. In this paper, we first introduce the concept of biholomorphic con- 
vex mapping of order a on the unit ball B in a complex Hilbert space X. Next 
we provide some sufficient conditions that a locally biholomorphic mapping / 
is a biholomorphic convex mapping of order a and give an Alexander's the- 

iy-j \ orem between the subclass of convex mappings and the subclass of starlike 

mappings on B in Hilbert space. We also obtain the order of starlikeness of 

Tj- " biholomorphic convex mappings of order a on B in Hilbert spaces. Finally, we 

7— i ■ construct some concrete examples of biholomorphic convex mappings of order 

^ ■ a on B in Hilbert spaces by means of a linear operator. 
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1 Introduction 

The holomorphic functions of one complex variable which map the unit disk onto 
starlike or convex domains have been extensively studied. These functions are easily 
characterized by simple analytic or geometric conditions. In moving to higher dimen- 
sions, several difficulties arise. In the case of one complex variable, the following well 
known theorems had been established(cf. [3]). 

oo 

Theorem A Suppose that a G [0, 1) and f(z) — z + a n zn is a holomorphic 

n=2 

function on the unit disk U = {z E C : \z\ <l}in the complex plane C. 



'Corresponding author. 
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(1) If ^2 n 2 \a n \ < 1, then / is a convex function in the unit disk U. 

n=2 

oo 

(2) If ^2 n(n — a)|a n | < 1 — a, then / is a convex function of order a in U. 



n=2 



Theorem B Suppose that a G [0, 1) and f(z) = z + ^2 

holomorphic 

n=2 

function on the unit disk U in the complex plane C. 

oo 

(1) If n \ a n\ < 1) then / is a starlike function in the unit disk U. 



n=2 

oo 



(2) If Yl( n ~ a )\ a n\ < 1 — ct, then / is a starlike function of order a in U. 

n=2 

Roper and Suffridge established the n-dimensional version of Theorem A(l), and 
we[9] established the n-dimensional version of Theorem B(l)(2) as follows. 

oo 

Theorem C(Roper and Suffridge |12j) Let f(z) = z + ^2 Ak(z k ) be a holomor- 

k=2 

oo 

phic mapping on the unit ball 13% . If ^ fc 2 ||o4fc|| < 1, then f(z) is a convex mapping 

k=2 

on 5™. 

oo 

Theorem D(Liu and Zhu[9]) Suppose that a G [0, 1). Let f(z) = z+J2 A k {z k ) be 

k=2 

oo 

a holomorphic mapping on the unit ball B in Hilbert space. If ^2 — a )ll^fcll — A{a), 

k=2 

where A(a) is defined by 

V / 5^2S ' U - " - 4' 
(2-«)(l-q) 1 < 2 

2+a ' 4 ^ " — 5' 

1 — a, | < a < 1. 



A(a) 



Then /(z) is a star like mapping of order « on B in Hilbert space. 

A problem is naturally proposed: can we establish the n-dimensional version for 
Theorem A(2)? 

2 Preliminaries 

In order to state and prove our main results, we recall some definitions and no- 
tations. Suppose that A is a complex Hilbert space with inner product (•, •) and 
norm || ■ || = a/ (■, ■), and G is a domain in X. A mapping / : G — > X is said to be 
holomorphic on G, if for any z G G, there exists a linear operator Df(z) : X — > X 
such that 

Um \\f{z + h)-f(z)-Df{z)h\\ = Q 
fc-+Q \\h\\ 

The linear operator Df(z) is called the Frechet derivative of / at z G G. 
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If / is holomorphic on G, then for every k = 1, 2, • • • , and every z G G, there is a 
bounded symmetric k— linear operator D k f(zo) :XxXx---xX^-X such that 



for all z in some neighborhood of Zq, where D° f(zo)((z — z )°) = f(z ) and 

D k f(z )((z - Z Q ) k ) = D k f(z )(z - Zq, Z - Z , • ■ ■ , Z - Zq) 



for k > 1. 



A mapping / : G — > X is said to be biholomorphic on G if / is holomorphic 
on G, f(G) is a domain, and the inverse f~ l exists and is holomorphic on f(G). A 
mapping / : G — > X is said to be locally biholomorphic on G, if for any z£G, there 
exists a neighborhood U of z such that f\u is biholomorphic on [/. Then / is locally 
biholomorphic on G if and only if its Frechet derivative Df(z) has a bounded inverse 
at each z e G. 

The unit ball in X is B = {z 6 I : < 1}. Let N(B) denote the class of 
all local biholomorphic mappings / : B — >■ X such that /(0) = 0,Df(0) = I, where 
/ is the identity operator in X. A biholomorphic mapping / : B — > X is called a 
biholomorphic starlike mapping if tf(B) C /(-B) for < t < 1 with /(0) = 0. Let 
S*(B) be the subclass of N(B) consisting of starlike mappings on B. Then / e S*(B) 
if and only if / is locally biholomorphic such that 



Let S*(B, a) denote the class of starlike mappings of order a on B for < a < 1 and 
let S*(B,0) = It is obvious that S*(B,a) C S*(B) for < a < 1. 

A biholomorphic mapping / : I? — > X is said biholomorphic convex mapping if 



for all Zi,z 2 G B and < t < 1. The class of all biholomorphic convex mappings on 
B with f(0) = 0, D/(0) = / is denoted by 

We[16] obtained a necessary and sufficient condition that a locally biholomorphic 
mapping was a biholomorphic convex mapping on B in the Hilbert space X as follows. 

Theorem A(Zhu and Liu [16j ). Let / : B — > X be a locally biholomorphic 
mapping. Then / is a biholomorphic convex mapping on B if and only if 



Re(Df(z)- 1 f(z),z)>0 

for all z e 5\{0}(cf.[DElEl). 

A mapping / e N(B) is called starlike of order a G (0, 1) on B if 



W(*)-V(*),*>-^IMI 2 <^NI 2 fora11 



(i-t)/(*i) + t/(*i)e/(B) 




(2.1) 
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for z G B \ {0} and x G X \ {0} with Re(x, z) = 0. 

Remark 1. Theorem A had improved a result of Hamada and Kohr|4j. Setting 
X = C n in Theorem A, we also obtain Theorem 2 in [2]. 

Corollary 1. Let < a < 1 and / : B — > X be a locally biholomorphic mapping. 
If / satisfies the following inequality 

\\x\\ 2 -Re(^Df(z)- 1 D 2 f(z)(x,x),z^ >a - \\x\\ 2 (2.2) 

for z G B \ {0} and i6l \ {0} with Re(x, z) = 0. Then / is a biholomorphic convex 
mapping on B. 

We call such mapping /, which satisfies the hypothesis of Corollary 1, a biholo- 
morphic convex mapping of order a on B. We let K(B, a) denote the subclass of all 
biholomorphic convex mappings of order a on B with /(0) = 0, Df(0) = I. 

In this paper, we provide some sufficient conditions for biholomorphic convex map- 
ping of order a and an Alexander's theorem between the subclass of convex mappings 
and the subclass of starlike mappings on B in Hilbert space. We also obtain the 
order of starlikeness of biholomorphic convex mappings of order a on B in Hilbert 
spaces. Finally, we introduce a linear operator in purpose to construct some concrete 
examples of biholomorphic convex mappings on B in Hilbert spaces. From these, we 
give some examples of biholomorphic convex mappings on B in Hilbert spaces. 



3 Main Results 



We first establish some sufficient conditions for biholomorphic convex mapping of 
order a on B. 

Theorem 1. Suppose that < a < 1 and / : B — > X is a locally biholomorphic 
mapping. If / satisfies 



Df{z) D z f{z) (x, x) 



< 1 - a 



(3.1) 



for z G B \ {0} and x G X with ||a;|| = 1 and Re(x, z) = 0, then / is a biholomorphic 
convex mapping of order a on B. 

Proof. Since / : B — > X is a locally biholomorphic mapping, for any z G B\ {0} 
and i6l \ {0} with \\x\\ = 1 and Re(x, z) = 0, we have 



x 



R^Df{z)- l D 2 f{z){x,x),z) > \\x\\ 2 -\{Df{z)- l D 2 f{z){x,x),z)\ 



> \\x\\ 2 - WDf^D^f^x^U 

> \\xf-\\Df{ Z )^D 2 f{z){x,x)\\ 
= \\xf-\\Df( Z )-Wf(z)(^,^)\ 



Notice that 



INI 



1, we conclude from (13. ip that 



x\\ 2 -Re{Df(z)- l D 2 f(z)(x,x),z) > \\x\\ 2 - \\Df( Z y l D 2 f(z)( 

> a ■ \\x\\ 2 . 



x 



X 
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Hence by Corollary 1, we obtain that / G K(B, a), and the proof is complete. 

Corollary 2. Suppose that < a < 1 and / : B — > X is a locally biholomorphic 
mapping with \\Df(z) — I\\ < c < 1 for each z G B, where / is the identity operator 
in X. If / satisfies 

\\D 2 f(z){x,x)\\ < (l-c)(l-a) 

for all x G X with = 1 and z G B\ {0} such that Ke(x,z) = 0, then / is a 
biholomorphic convex mapping of order a on B. 

Proof. Since \\Df(z) — I\\ < c < 1 for any z G B, we obtain that Df(z) = 
I — (I — Df(z)) is an invertible linear operator (see [13], P192), and 

\\Df{z)- l \\< - - L- - - < ' 



l-||J-D/(z)|| " 1-c 
for all z £ B. 

Thus for any x G X with ||x|| = 1 and z e B\ {0} such that Re(x, z) = 0, by the 
hypothesis of Corollary 2, we have 

WDfizyWfWxrfW < WDfizr'WWD'fiz^x)]] 

< ^_.(l- c )(l-a) = l-a. 
1 — c 

Hence by Theorem 1, we obtain that / is a biholomorphic convex mapping of order 
a on B, and the proof is complete. 

Remark 2. Setting a = in Theorem 1, we get Corollary 1 in [16] ; Setting a = 
in Corollary 2, we get Corollary 2 in [16]. 



+oo 

Theorem 2. Let < a < 1 and /(z) = z+Yl Ak(z k ) : B — > X be a holomorphic 

+oo 

mapping. If / satisfies — a) || Ak\\ < 1 — a, then / G K(B,a). 

k=2 

Proof. By direct calculating the Frechet derivatives of f(z), we obtain 

+ 0O 



Df(z) = I + J2 kA k(^\ 



k=2 
+oo 



D 2 f(z)(x,x) =Y, k (k- l)A k {z k -\x 2 ) 



k=2 



and 



+oo ^ +oo 

\\Df(z)-I\\ < y k\\A k \\ < Yk(k-n)\\A,\\ < < I 



1 — a 

k[k-a)\\A k \\ < 

k=2 ~ ~ k=2 



2 - a ^ ~ kl ' ~ 2 - a 



for z G B, x G X. Hence we obtain that Df(z) = I — (I — Df(z)) is an invertible 
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|fe - 2 lllla;|| 2 



linear operator (see [T3],P192), and 

+00 

\\D 2 f(z)(x,x)\\ < Ys( k2 ~ k )WM\\z\ 

k=2 

+00 +00 

< 1 - a + a^2k\\A k \\ -^2k\\A k 

k=2 

+00 

= (l-$>P fc ||)(l 



k=2 k=2 

+00 
k=2 



+00 



for z G B \ {0} and ||x|| = 1 with Ke(x,z) = 0. By Corollary 2 for c = ^2 k\\Af.\\, we 

fc=2 

obtain that / G K(B,a), and the proof is complete. 

Remark 3. Setting X = C n ,a = in Theorem 2, we may obtain Theorem 2.1 
in [12]. Our proof is more simple than theirs. Setting X = C in Theorem 2, we get 
Theorem A (2). 

Example 1. Let < a < 1 and A be a symmetric bilinear operator from X x X 
to X with || A|| < If we let /(z) = z + A(z, z), then / G a). 

Proof. Some straightforward computations yield the relations 

Df(z) = 1 + 2A(z, ■), D 2 f (z)(x, y) = 2A(x, y) 

for z G B,x,y G X . It implies 

Df(0)=I, D 2 f(0)(;-) = 2A(-,-) and D*/(0) = 

for = 3, 4, • • • . Hence we obtain 

J- A il AAH = (2 _ a )||D 2 /(0)|| = 2(2 - a)||A|| < 1 - a. 



fc=2 



By Theorem 2, we conclude that / G K(B, a), and the proof is complete. 
Example 2. Let < a < 1, < \a\ < 1/2 and it G X with ||w|| = 1. Then 

1 — a 

f(z) = z + a(z, u) 2 u G K(B, a) -<=>- |a| < 



4 -2a 



Proof. Let c = 1 - |K If < |a| < j^, then we have ^ < c < 1 and 

1 — ft 1 1 — 4— 2a' 2— ft — 

2|a| = (1 — c)(l — a) < a Short computations yield the relations 

Df(z) = I + 2a(z,u)(-,u)u, D 2 f{z)(x,x)=2a(x,u) 2 u. (3.2) 

It implies 

\\Df(z) - I\\ < 2\a\\\z\\ < 2\a\ < c, \\D 2 f(z)(x, x) \\ < 2\a\ = (1 - c)(l - a) 
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for all x G X with ||x|| = 1 and z G B such that Re(x, z) = 0. 

By Corollary 2, we obtain that / G K(B, a). 

Conversely, we shall prove that < \a\ < jE^ when / G K(B, a). 

If not, then \a\ > jE^- Let 6 = arga, x = ie~ td u and z = —re~ ld u for ^j 1 "^ , < 
r < 1, where u G X with = 1. Then ||x|| = I, z £ B \ {0} and Re(x, Zo) = 
Re{-ir} = 0. 

Some straightforward computations from (13.21) yield the relations 



Df(zo)- 1 = 1+ - ' , (;u)u, D 2 f(z )(x,x) = -2\a\e~ ie u 
1 — 2\a\r 

Dfizoy'D'fizo^x) = - 1 2|Q| o e ,% - 



Hence we obtain 

||x|| 2 -Re( J D/(zo)~ 1 J D 2 /(^o)(a:,x),Zo} = ; ^fr < «• 



1 -4| 


a 


r 


1 - 2| 


a 


r 



This contradicts ( 12. 2p . and the proof is complete. 

Next, we provide an Alexander's theorem between the subclass of convex mappings 
and the subclass of starlike mappings on B in Hilbert space. In the case of one complex 
variable, Alexander's theorem told us that f(z) is a convex function on the unit disc 
U if and only if zf'(z) is a starlike function on the unit disc U. This theorem is 
no longer true in several complex variables(see [3J). However, we have the following 
Alexander's theorem. 

Theorem 3( Alexander's Theorem). Suppose that < a < 1 and A(a) is 
defined by Theorem D. Let 

oo oo 

SK{B,a) = {f(z) : f(z) = z+^A k {z k ) G H{B) such that ^Jfe(Jfe-a) || A k \\< A(a)}, 

k=2 k=2 

and 

oo oo 

SS*(B,a) = {f(z) : f(z) = z+^A k (z k ) G H(B) such that ^(k-a) \\ A k \\< A(a)}. 

k=2 k=2 

Then SK(B,a) C K(B), SS*(B,a) C S*(B), and f(z) G SK(B,a) if and only if 
Df(z)(z) G SS*(B,a). 

Notice that A (a) < 1 — a for < a < 1, by applying Theorem D and Theorem 2, 
we can prove this theorem easily. 

Now we establish a result on the order of starlikeness of function class K(B, a). 

Theorem 4. Suppose that < a < 1. Then K(B,a) C S*(B,f3), where 

2a-l + V(2a-l)g + 8 
/3 = /3(a) = . 
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In order to prove the above theorem, we need the following lemmas. 
Lemma l.QlQj) Let g(z) = a + a\z + • ■ ■ is analytic in U and g(z) ^ a. If 
there exists zq G t/\{0} such that |g(zo)| = max |<?(V)|) then there exists real number 

\z\<\zo\ 

t > such that W(*b) = t g(z ). 

Lemma 2. Let / G N(B), < p < 1. If there exists z Q G B\{0} such that 

\\z\\ 2 

6 (Df(z )-if(z ),z ) ~ P ' 

II II 2 

and Re ^f^) \}{z) z) — P ^ or a ^ INI < ll^oll- Then there exist real numbers 6, t, m 
such that: 

(i) (h(z ),z ) = M (1 + e*), where h(z) = Df{z)^f{z) ; 

(ii) (D h(z )(z ), z ) = « [1 + (1 + f)e*], where * > ; 

(iii) e ie Dh{z ){z ) + e- ie h{z ) = mz , where m = 2cos 2 e + 2+t . 

Proof. Since /i : 5 — > X is a holomorphic mapping and h(0) = 0, Dh(0) = I, and 



(h(z ),z ) 



2p 



2p 



(3.3) 



<M*),*> 



Ull 2 



2p 



UP 



Let 

= y^p (M ^ oUzo> " 1 = RF (M f^'" o) " 

then ^(0 is analytic in F and [ VCO I < 1 = IV>(1)| for (e^, ^(0) =2/9-1. By 
Lemma 1, there is a real number t > fjf^zjj such that t/>'(1) = #0(1)- 
Let ^(1) = e* 9 for some real number 9, then we obtain (i) holds, and 

^'W = W*0(*b) - h{z ), zq) = te ie , 
Foil 2 

which implies (ii) holds. 

From (I3.3P and (I3.4p . we obtain that 

Re[e- ie (h(z),z)} < + costf) = Re[e~ w (h(z ), z )}, \\z\\ < \\z \\. (3.5) 

zp 

Let r = ||zo||,-B(^) = {z E X : ||z|| < r}, then the tangent hyperplane of dB(r) at 
z is 

T Zo (dB(r)) = {beX:(b,z ) = 0}. 



For any tangent vector a G T ZQ (dB{r)) with ||a|| = 1, set 7(i) = yl — t 2 z + t ra, 
then ||7(t)|| = r for t G (-1, 1) and 7(0) = Zo,7'( ) = ra. Let 



^(t)=Re[e-^(7(*)),7(*)}]- 



S 



From ( 13. 5p . we obtain ip(t) < <p(0) for t G (—1, 1), so that <^(0) = max (fi(t). 

te(-l,i) 

Hence 

= ^'(0) = Re[e~ id (Dh(z )ra, z ) + e~ i6 (h(z ), ra)} = rRe(v, a), 



where v = e %e Dh(zo)(zo) + e ie h(zo). This implies that v is a normal vector of dB{r) 
at Zo, thus there exists a real number m such that v = mzQ. Since 

m||2;o|| 2 = Re{z ,mz ) = Re(z ,v) 

= Re (zo, e l9 Dh(z^(z )) + Re (z , e^^o)) 

= Re [e- i6 {Dh{z )(z ), z )} + Re ([e~ ie (h(z ) , *o>] 



cos 6> + 1 + t) + li 7 f 1J - (cos + 1) 



2p v 2p 

we obtain that m = 2cos |+ 2 +* ; an d this completes the proof of Lemma 2. 

Proof of Theorem^. Let h(z) = [D f (z)}' 1 f (z) with f(z) G K(B,a), and 

= (TO)' then = = /?(«)■ 

Suppose / ^ S*(B,fl), then by the continuity of g(z), there exists zo G £> \ {0} 

such that Re g(;zo) = P an d Re fl'(^) > ^ f° r all ||z|| < \\z \\. Thus it follows from 

Lemma 2 that there exist real numbers 6,t > and m = 2 cos ®+ 2+t such that (i)-(iii) 

of Lemma 2 hold. 

Let b = e~ t0 h(zo) — |%(1 + cos#), then it follows from Lemma 2(i) that 
Re (b,z ) = Re [e~ ie (h(z ) , z )} - ^(1 + cos£) = 0, 

so that 

Re([ J D/(z o r 1 J D 2 /(^o)(&,&)^o) < (1-a) ||6|| 2 . (3.6) 

Let b\ = izq, then Re (bi,z ) = Re[z||zo|| 2 ] = 0, so we conclude from the fact 
f{z) G K(B,a) that 

Re([Df(z )]- 1 D 2 f(z )(iz ,iz ),z ) < (1 - a) |M| 2 . (3.7) 

On the other hand, by Lemma 2, we have 

l|fe|| 2 =ll^o)|| 2 -^(l + cos0) 2 , (3.8) 

and \\h(z )\\ > ] -^\l + e ie \ = ^ v / 2 + 2cos0, and 
m e' t0 (h(z o ),z o ) = (e" i9 /i(z ),m2o) 



(e- w h(z ),e ie Dh(z )(z )) + (e^ h(z ) , e- ie h(z )) 
e~ m (Dh(z )h(z ),z } + \\h(z )\\ 2 , 
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so that 



Re [e~ m (Dh(z )h(z ),z )} = mRe [e' ie (h{z ) , z )} - \\h{z )\\ : 

'"""-""'(l + cos^-H^o)!! 2 . 



2/3 

By computing the Frechet derivatives for both sides of equation Df(z)h(z) = f(z), 
we obtain 

[Df{z)]- 1 D 2 f{z){h{z),h^)) +Dh(z)h(z) = h(z), 

and 

\Df(z)]- l D 2 f(z)(h(z), z) + Dh{z)(z) = z, 
thus we can obtain from the above equalities that 

Re([Df(z )]- l D 2 f(z )(b,b),z ) = Re[e~ i2e ([Df(z )}- l D 2 f(z )(h(z ), h(z )), z ) 

' -Re[e- ie ([Df(z )}- 1 D 2 f(z )(h(z ),Zo),z )} 



(3 

+ {1+ ^ e)2 Me- i6 ([Df(zo))- 1 D 2 f(zo)(z ,z ),z }) 

= -Re[e~ m (Dh(z )h(z ),z )]+Re{e- m (h{z ),z )} 
1 _i_ pns 

+ — {Re[e- w (Dh(z )(z ),z )}-Re[e-* e (z ,z )]} 
" < ' 0h ^ 2 Re[ e - ie ([L>/(z )]- 1 J D 2 /(^o)(^o,^o)^o)] 



4/3 2 

> -^(1 + cos^) + \\h(z )\\ 2 - JlgC(l + cos^) 

+^(1 + cos0)(cos0 + 1 + t) + (1+ 4 jf )2 (a - 1)11*11' 

Ifojj 

4/3 2 



II -v. 112 

|2 i II z. Ml2 



>(l-a) ||6r + a||^o)lr-«^(2 + 2cos 



1 + cos6> ll2 1 — 

+ 4/j2 IN| 2 (2a-2/3 + ^) 

>(!-«) Il^ll 2 , 

which contradicts (13.61) . Hence / £ S*(B,/3), and the proof is complete. 

Remark 4. Setting X = C n in Theorem 4, we obtain the related result in [7ll8lfT5] 
By applying the growth theorem^ of starlike mappings of order p and Theorem 

4, we have the following corollary. 

Corollary 3. Let < a < 1,0 = /3(a) = 2a ~ 1+ V^ 2 "~i) 2 + g, If ^ e K(B, a), 

then for z £ B, we have 

tz* <ll/(*)ll< " : " 



(i + II^H) 2 ^) - luv 711 - (l- INI) 2 ^) 
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and f(B) D ^hjB. 

Remark 5. Setting a = in Corollary 3, we obtain the growth theorem of convex 
mappings [U |3]. 

Finally, we introduce a linear operator[16] in purpose to construct some concrete 
examples of biholomorphic convex mappings of order a on B in a Hilbert space X. 
Let 



H(U) = {/ : U ->■ C are analytic in U with /(0) = 0, /'(0) = 1}, 



then 



Let 



/ G K(q;) / G (£/) and Re 



1 | */"(*) 

/'(*) 



> a for all z £ U. 



SK(B,a) = {f E N(B) : || Z?/(^)- 1 Z5 2 /(^) -)|| < 1 - a for all z G i?}. 
From Theorem 1, we have SK(B, a) C K(B, a), SK(U, a) C K(a) and 

I /"(*) 



SK(U,a) = -{feH(U): 



< 1 - a for all 2 G U > . 



Let m be a positive integer and dimX > m > 2. Then there exist Ui, u 2 
X with Hwjll = l(j = 1, 2, • • ■ , m) such that (uj, Uk) = 0(j ^ k). For #1, g 2 
H(U), we define the operator $ as 



, * ' ' j "tn G 

,9m e 



Mi 



(3.9) 



3=1 3=1 

for z £ B. 

Theorem 5. Suppose that < a < 1, $ uljU2i ... ,« m (5i, 52, • • • ,5m) is defined by 
03. 9p . where gi,g2, ■ ■ • ,5m G H(C7) are locally univalent functions on A. 
(1) If $„i,... jtlm (<7i, • • • ,5m) G K(B,a), then g^,^, • • • ,# m G #(«). 

l-Ci-g) 2 "" 1 



(2) If 



2«-i ' ? then & G *T(a), but $ ttl ,.. )t(ra (/i, • • • , h) £ 

ln(l-0, a = i 

K{B,a). 

(3) $« 1 ,u 2l ... ) t (m (0i,02 J '-- >5m) e SK(B,a) if and only if •• • ,5m e SK(U,a). 
Proof. Let /(z) = * Ul , U2l ... ,« m (5i, 52, ■ • • ,5m)(^), where 51,52, • ,5m e are 
locally univalent functions on [/. By some straightforward computations, we obtain 



Df(z) = I - ^2(-,Uj)uj + ^2g' j ((z,u j ))(-,Uj) 



u 



i=i 
1 



Df(z)- 1 = I - Y ( 1 - -— I— 

m 

D 2 f(z)(x,x) = ^29j((z,Uj))[(x,Uj)f 
3=1 



;Uj)u 



'3i 



U i 
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for z G B and x G X. Hence we have 



D / (,)- 1 DVW(x,x)=f;§^[(x, M ,)]S. 



(3.10) 



(1) Assume that / = $ ul)U2 ,..., Um (^i, g 2 , ■ • • ,0 m ) £ ^(- B ) ) for every £ G C/\{0} and 
fixed, we let z = £u k and x = i£v,k, then Re(x, z) = Re{i|£| 2 } = and z G B \ {0}. 
Note that (uj,Uk) = 0(j ^ k), from (I3.10p . we obtain 

||xf - Re( J D/(^)- 1 J D 2 /(^)(a;, z), z) 



iei 2 +i^i 2 Re 



l^e{l + ff 



> a\\x\ 



for £ G C/ \ {0}. This implies # fc G if (a) for k — 1,2, 
(2) A simple computation yields 



m. 



for all £ G [/. It follows /i G if (a). 



a + (1 — a)Re 



1+j 



> a 



Let \l < a < 1, — -= — < r < 1, 

2 v2a 

2; = rui + a\/l — r 2 u 2 and x = ay/T — 



T^U\ — TU 2 . 



Then we have ||x|| 2 = a 2 (l — r 2 ) + r 2 > 0, Re(x, z) — and 

0< || 2 || 2 = r 2 + a 2 (l-r 2 ) < 1. 
Notice that (x,Uj) = 0(j > 3), from ( 13. 10)) , we obtain 



x 



Re{DF(z)- 1 D I F(z) (x, x) , z) 
2 



\x\\ — Re 



1 - 



[(x,Mi)] (Ui,z) + 



1 - (z,u 2 ) 



[(x,u 2 )} 2 (u 2 ,z) 



2/i 2\ I 2 

a (1 — r ) + r — 



< 1 - 2r 2 a 2 < a, 



2r 
1 — r 



a 2 (l-r 2 ) + 



2avT 



1 -avT^" 



where F = $ uljU2i ... im (/i, h, ■ • ■ ,h). By Corollary 1, we have F G" K(B, a). 

(3) Assume that g 1 ,g 2 ,--- ,g m G SK(U,a),f = ^ Ul ,u 2 ,-,u m (gi, 92, ■ • • jfl'm), from 
(13.1 Op . we obtain 



Dfiz^D'fiz^x) 



< 



™ g'Jdz,^}) 



E 



\(x,Uj)\' 



(3.11) 



12 



for z G B and x G X. 

m 

Fix x G X , let x = Yl ( x i u j) 

simple computation yields 

i=i 

m 

(x — Xo, Mj) = (x, Uj) — 2_,( x i u k)(Uk, Uj) = (x, Uj) — (x, Uj) = 0, 

k=l 

for j — 1, 2, • • • , m. This leads to (x — x , x ) = 0. Hence we conclude that 



x 



\x 



X — Xo) + xo\\ 2 = \\x — xo\\ 2 + 

fit 

-x || 2 + ^|(a; !% )| 2 



> ^|(x,^->| 2 . 

0=1 

From (13. lip and (I3.12p . we obtain 



(3.12) 



Df(z)- l D 2 f(z)(x,x) < (1 - a) J2\^ u o)\ 2 < (1 - «)ll^ll 2 < 1 " " 

1. Since X is a Hilbert space, by the result in 



for all z G .B and x G X with ||x 
[13] (see P. 342), we have 

\\Df{z)^D 2 f{z){.,.)\\ 



sup hd/^-^/^Cx,: 

ll*ll=i, llvll=i 

sup \\Df(z)- l D 2 f(z)(x,x)\\<l-a. 

\\x\\=l 



It follows that / G SK(B,a). 

Conversely, suppose that / = ^ Ul ,u 2 ,-,u m (gi, 92, • • • ,flw) e SK(B,a). For every 
£ G Z7 and fixed (1 < /c < m), we let 2 = and x = then we have z G 
B, (z,Uk) = £ and ||x|| = 1. Note that (uj,Uk) = 0(j 7^ fc) and \\uk\\ = 1, from (I3.10p . 
we obtain 



\\Df(z)-'D 2 f(z)(x : x)\\ < \\Df(z)-'D 2 f(z)(; .)||||x|r < 1 - a 



for £ G [/. That is, G SK(U, a) for fc = 1, 2, • • ■ , m, and the proof is complete. 
Remark 6. Let X = C n , a = 0. If we choose «i = (1, 0, ■ • • , 0), u 2 = (0, 1, ■ • • , 0), ■ 

n 

u n = (0, 0, • • • , 1) G C n , then we have z — ^2(z, Uj)uj for z G C™. From Theorem 5, 

i=i 

we obtain a result, which is Theorem 3 and Theorem 4 in [TJ] for case p = 2. Part 
(2) was obtained by Roper and Suffridge [UJ, [T2] using a different method. 

Example 3. Let < a < l,dimX > m > 2 and Xj G C with Xj ^ 0(j = 
1, 2, • • ■ , m), then 



/(*) = z -^( z i u j) u i+Y^ 
i=i 3=1 



-Mj G K{B,a) \Xj\ < l-a{j = 1,2, 



m), 
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where Uj G X with \\uj\\ = 1 such that (uj, u k ) = 0(j, k = 1, 2, • • • , m,j ^ k). 

e x ^ - 1 

Proof. If |Aj| < l(j = 1,2, •• ■ ,m), setting #.,•(£) = — - , then we have that 

ii 

gj is analytic on U with gj(0) = 0,^(0) = 1 such that -7777- = \ for £ E U(j — 

9j Is J 

1, 2, • • • , m). Hence (?j G SK(U). From Theorem 5, we obtain / G SK(B, a). 

Conversely, we shall prove that |Aj| < 1 — a for all j = 1,2, ■• • ,m when / is a 
biholomorphic convex mapping of order a on B. 

1 - a 

If not, then there exists k such that |A&| > 1 — a. Let < r < 1,9 = 

|Afc| 

arg Afc, z = —re~ %e Uk and x = ie~ %e Uk, then ||x|| = 1, Re(x, z ) = Re{— ir} = 0. Using 
the fact that (uj,Uk) — 0(j ^ k), from (I3.10p . we obtain 

Dfizo^D'fizo^x) = f2 g 4jf^[M\\ 

= X k [(x,u k }} 2 u k = -\\ k \e~ ld u k . 

Hence we have 

||x|| 2 -Re(Df(z y l D 2 f(z )(x,x),z ) = 1 - r\\ k \ < a, 
which contradicts (12.21) . This completes the proof. 
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